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Abstract Ea ïäâs paper. we censider däspersëve ancê chremaïegmeäâc mâxâag aî aa Enïerface, unóef aìter—

aaîâfig fëow conói‘ïâona. In case @? a nenreacïêve or ìâüeaà’ìy seïbâng seëuîe‚ mâxing ÉS Éâ’ì c0mpëeîe anaìogy

wâth câassëcaì ciëspecsâon theory For naaäâneaa‘ exchange heweveay escëëëaîing ceavecîâve fiew ìeads K} en

alîfemaîâen <)í shaïpenëng íïïaveling Wave TW} aad spreacìëag {Rarefacïâen Wave %%Wì As ‘the Ëâmâïäng TW

fenn äs aeï necessarëëy accempâäsîxecì aî ÈËìê eed af îììe TW Ëìaëf cycëe, the ascëëëating fmeîs säew gradual

conîâncieus spa‘eadâng îhaî zenves°ges îe a zerc-eenvecîìen eenëinear pure dëffusâen sps°eacäâng‚ whâch Es

maïhemaïicaäëy ef quiïe differeaï aa‘ïure T?ìâ$ beäavâer i5 maâaîaâaed Ea case î%1e îeîaë {backgmuad} concea-

tratâen óiffeĳs aî be‘tî] sädes of îììe ÉâìÉîiâË exchange fmet.

 

’î. introduction

Mâxing pfecesses aî seluîe fmaîs have ïeceived ceasâcìe€aëìe aîîenïâen ever ’Ehe pasï <ìecade5, parîâcuëarly

Ïûä’ eens’eac‘tâng saëuîes ìBear, ì9?2; De .:‘esseis’n de feng, ì958}. Reacîâve transpefi és maïhematäcaëëy mare

cempëëcaïecë if ïhe reacîfâcms are eenlinear in c0acenîfraîfâen ìBeíï, ì982; íeafefispíef, ì9?2}‚ Wäereas ìD säîua—

flens (chemâcal €eacîers in âedusîw, verîâcaì däspìacemenî in îhe vadese zone} were emphasized, muëïâ-D

anti heîefsgenecas systems were aâsa ccmsâderecí íBefiz'n eî ai„ ì993; Cifpí<a anaf Kíîafiìäs‘s, 2ÜGÜ; iafissen

er GL, 2085; Pmmmer er af,; 2GÜ3; Îar;g eá' aì, ì98ì }.

ävî0dest atîeeîiea %ìas been gâven te sätuatiees Where a tenceetraïâoa fmnt pesâtiaa fìuü'uaïes as a functien

ûf ïäme_. Ea3ïead ef & meneteaeus cëâspëacemeaï ân ene ciirecîâen, despäîe îhe pracïâcal E’îël€\iôïìíê ûf e‚gi‚ aqui—

fe{ îëìermal emergy stes’age ífieme eï ai„ 2Gì ì; Gas eï ai., Zûû9; Zewëäer eï ai., 2ûì3] aed fresä waîer lenses

[Eeman er aí, 28ì2}. The effecî of ascìëlatâng cencenîraîâan fâ”<ìä’ìî$ has re<eâvecâ {elatâveëy ââîîëe aîïenîë0n îe

eur knewëedge ìe.g., Raaïs, ìëêêïè, ì‘9?3], ;>arîâcuëarly reacîâve cases,

în îhâs papef, we censider dispersìve and cha'camaî0graphic mâxâng at an ânïerïacei ef whâch ïhe meae depîh

vaà'äes pefiecëâcaììy as a fuecîion <)f îimei Ëïì parïâcuìar for (33an caîfâen excäaage, as ae exampëe cf eeaäâaear

cäemëcaì Eateractiees, fer the case îhat ÊËì€ îeîal saëï ceacenüaîäen és eëîher tenstaa‘t ûä’ nei.

& ’ï‘heory

2.1 . Basic Equations

\Ne caasädef a eens’eac‘tâve and ?: nenlâneaî exchange case, respectiveìy. Gapee caîâen exchange beîween a

moraevaâenî caïien, secíium (Na} and a dìvaëemî {aîìen‚ caä<âum {Ca}, âs desccâbed by

@i‘u‘a" f.f\»'o

Q-Co

(H6 ' ‚ A 1

‘v' CCG/" 2

where cencea‘tfaîions àe selu‘tâen c, a5’e ce;weatäenally àe meëcídm3. 5V'ËQÊC steeds fer meì tüa{ge. Ancì @; és

ïhe acìsorbecë c0acenîfraïâen (also meìcfdm5)‚ We aamaaìäze as fc>ìëewsz

i.?“í’íi _ N—N;

@; N:" N;

  

 

ancë rex-wite equaîicm {ì}:
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C‘)'Ê â<ë{}t R—ìì-ì} Î;;jí\x =Kg ‚—2C ( Ë757 {2ì

: ‘v’ ‚

where the ftactäens are gâvett by:

“îîìîìáì “
Cr, C;”; ; G_'g

f=i: ì_f=L: N=Ë: t_;\;=l

C C ’ =£C ’ sc

artd«î CNG+CCa-

(3)

in which {capâtaë} C %s the tetaë {ancentra-

 

  
'ËÛÛ têee {sum of aEE catieas er 9? afl anâetts}

aad sc is the catêee excäartge tapaciîy‚

ì % -; ïâ C£C Éïì mela/drag. Censëcëetäng ertäy tw0

‘ ‘_ì ‘ x ‘ catâens, we can eëêmänate Qt’ëe {sedäum Na}

B 4 & “ä“ Ëí“ 15 âû and tewrëte N as a €unctë0tt of f: Níf).

We ebtaân "the mass Eaaìance equatâee itt

Fi ure 1. äracrea‘e ûf the mìxh ze te wâdth {second central moment Of the . ‚ .

g ‚ > 59 à 5 terms 03° 5, fQî “ED transeert in dtîectaen x as:
eence: a\îicm gi Èe nctì-an e% \îáme Numeà’âäaë (âìnes) and anai‘ytâcaë

apprexìmatìo . …

  

  
?. Sata r'or two cosìne ‘Fäew rate f=„ânctêons

 

 
_ _ é _ í _ € "}

(amplêtudes Q‚ì \ tü * -‚c=…Eesì,û‚2 \ tü 4 m/d (dêamondskarsa' an ìrfegular ìggrg\;<f‘ì+ficfì+ _ì g_j‘V’ûf]: .; {;D €

functì-an (trìangêes). (“€ " / ‘ ()’X ‘ ÖX ÔX _j

(4?

where q Es the specâfic dâschatge in mícì and j"’zv — {; âf :@ : water &EEecì poresâty}, D É5 "the disperaâett c0effi-

cäem {mzi‘d}, 5 %s ième, aed we aegâect meìeculat’ däffusàen. Feëlewàeg Beer Et9?2ì, we have:

Dzafâtfl. (5)

C0mbêttâeg equatietts {4} and {5} yâeìcìs ter ceestant [:

 

wâth n; — fg_, whâch %; the ratë0 0f {adserìaed ansi dâsselved} pe0l sâzes.

F0t’ the eere water veìecâty, v, we aasume v=v,qcos {mt}

We cansâciet‘ aëtet‘native ways fer fiuctuatâng v-vaâees, see Fëgute “E, fet“ the n0nreactëve solute. F0r t — ? we

T ‚

have a full cycëe {Î—275/m}, en avetage veâecìty <_ìi’ > — H tfísìêds— ”; â cos {wĳds—Ü and the average abso-

a ‚_

  

  

 

 

\)

âute veâecìty <_3Ëvl > — %_íâv{s}ìds— ces (m5)äsê— 2,74

@

2.2. Nenreactive Soìu'te Transport

âf Ë‘Q; : &, equatëcm {€} becames

t'ì _ … €? €?

‚—âfâi—vf1—D {7}
(it“ <'Èx[ ] ôx _

ìf we average ever & c0meìete cycìe, we fiïìd a dâseersiort tetm just as Raats tmä 5cettef ìì 968}:

3 t' / _äf xv.‘ / .aîf á'ì2f ‚
< _ _ .x al;-ces iersjaâ ds= ‘ ces msjaâsë … =ec <í - _, , {8}

éìx Î éìx" ) \ ! ‘áìx] T | \ 'íìx‘ 0x3

  

ptevidecí that the tâme depencìettey ef the detivatëve term (the gradâent} may be eegâecteci. Thìs appmxëma-

tien appears te be vaìâd {see St}, Fer the aanreactâve case, the wâcìth of the mäxâng zene Ëïì the Fickäart

tegëme, tart be patameteràzeó by the stanfìarfì devâatëea, @, (Qê’ vatâartce, 52) of tììâ3 zene
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and ‘the mean absolute veäecity eqnaìs ‘the traveäed dëstance ever îetaì ïäme {â.e.‚ not the ”effectâve” distance,

which is zere}. Fer a constant veìecâty, this result És well-known Bear íì 9?2ì‚ Dagen [T 9891 The perfect agree-

ment fer dscëllating fiew ícesâne fiew rate irregular funcïâons} is shewn ân Figure ’ä and agrees wëïh c0ncëu-

siens ef Scerrer dnd Raats [ì968]. Às beth eur resuhs and Eeman er ei. E2ûì2ì shew. the excellent agreement

âs maântaäned fer hignëy Erregdìar variatâens én ânterface velecàty e.g., as derived frem reaâ raânfall recerds. As

en the lenger ïerrn. the net interface displacement ef ïlte interface is zere, a zere—convectien dâffusâen equa—

ïien descräbes the mixâng at the ânteríace.

2.3. Reactive Sohne Transport

Serptien nenlinearity affects the trent shape (er fer censtant teîaâ concentratäen the cencentratien fractien

 

translated €remîîand fíû Ente fand N-’f}‚respectävely. and where subscrâpt s” stands fer iniîêaâ resâdent and ()

fer feed solutâen. lf the censtraint are net met, dâspersâenal spreadëng ef the front55 enhanced by this nenli—

nearâïy and a rarefiedfrarefactlen wave {RW} develees. Fer the TW case, an anaìytâcaë selutâen is avallabëe fer

the lâmitëng Rent |Ìf appreachâng {X.} fer Gapdn exchange N(f} [Se!t‚ T982; Res‘nr'ger and Seit, 3972].

2.3.1. RW Behavier

We first assume ïhat D - û. yielding:

(TG)

 

A Rarefactien Wave {RW} regêrne Es feund, âf f äncreases in the directâen ef fiew fer Ganon exchange. Ef f

decreases ân the directien ef fiew. a shecä< deveäees pesâtâened accerdâng te mass balance censìderatâons.

The hynerbeëâc equatâens for "the RW can he descrêbed wâîlt "the Metned ef Characterâs’râcs. and íer an ânâtlaì

step front at same xzû. we ebtaên:

 

lììì

  
“_”-__…

Lr“ivaV!i\*sz/Clrí„ \ 2\/CK +v/í-

rising the chaën mëe.

in case D)S the RW case can be ce|rected accerdâng te Bei! ìì9823 usâng r>:=2\/—lane“; ínverrca’/‘2f,a, where

the pesìtâen ef each f—"vaìee|s cerrected with a Tacter that fellews from the nenreactive transpert seâutìen.

ât the concentratien fractâen f decreases in the directlen et flew and "the criteria are me’r, a Travelâng Wave

{TW} deveìeps. Ànalyticaì selutiens were develeped fer Gapen by Beit Eì982ì, and fer ether cases hy Van der

Zee ìì99û]. Fer Gapen exchange. we use a selt|îien ef the 1:yee: Ë-x—v*t+u and SiZ/a-Flĳf). that sëëgntây

dâffers Rena that ef Beit [ì982ì {see sepporîêng Enforrnatien Fâgere 52}.

3. Resuìts fer Gapon Exchange

3.T. Unâdârectìonal Fìow

Te apprecëate how appreprëate tne apprexêmaîäens ef the preväeus seeden are, we medeâed îranspert fer a

censtanï fiew rate, nsâng Orchestra [Meeussen‚ 2Gû3]. The agreement benveen numeräcaë and anaìytâcal resuìts

ef Fëgure 2 fer RW and ìW Es greed te excelëent. Fer RW. ägnerëng the ad hec cerrecîäen fer däspersâen {selêd

âines} leads te mere a;3precâable dâscrepancìes. Te aveid dâscretizatëon errers, as dìscussed for Freundëâcb

adserpîëen by Besma and van der Zee [ì993ì. a nade dâstance àx was chesen ef ì.û /< tt'í3 m fer the TW case.

The waterfiâed peresàty n, density 5), kg rn 3, dâspersäväty 93, m and canan exchange capacëty °<2c‚ melC kg ?

were kept censtant durâng eur anaäysâs at. respectâvely. €338, ì65û. Ü.Üû5. anci (mt 25.

3.2. Oscilìating Franìs

Fer escäääatâng frents, we assume a cesine—shapeci—specific discharge. @ wâïh ampìäîude ef G.t / ìûf2 m dff‘

and a perâed T ef ì year. As ânitëaì cenditëen, a step Rent atx : 2% cm, separates tne Enàtâal calcëum cencen—

tratien 5,» of 2.ûûû \ TQT5 at small .r—vaânes frem the caìcâurn cancenîratâen in the feed seâutâen c; ef 2.îîûì

>< ìû’2 meìc drn’3 for larger x-vaìees. Às Genen exchange deeends en the ïetaë catêen cencentratâen. C.

{equatìen {T)}. the total cencentratâon was kept constant threegheut the celumn at 2332 / “Ei} 2 meä£
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Figure 2. Agreement between “ ”ft: RW) nunrericai (dots) and the analytical RW approximations without isoiid iines; equation ii i}): and

with correction factor for dispersron ida-shed line), anti (right; TWE rtumericai {dots} and anaiyt:cai TW soiution (soiid lines). Both with

— û.i >< isc? m a**.

dmf3_ We show resuits for fix, t*i tequation i3}i, at specific times where the initiai position {beginning of

cycie, front moving dov.tnwardi, the iovvest position, the highest position, and the intermediate one (front

moving upwarci or downwardi are attained (see Figure 3).

The Trent shapes (Figure 3, iefti at the highest and iowest positions differ. As the front moves from the initiai

step front to the lowest position iai. a rather sigmoid front resuits, where adsorption anti dispersion

enhance front spreading in the RW regime. For the highest position ici, cenverseiv, a steep front is found,

which, in view of the noniinearity and initial/boundary conditions, shows TW behavior. When we shift the

’flow cycie by hait a period, moving first from the initiai step front upward {Figure 3. right figure}, the cyde

starts with TW behavior ia"), changes to RW behavior th’, c'} and ends with TW behavior {d’}.

The trent shape at position c, that foiiovvs after a RW phase is Tess sharp than the shape at a’ that feilows

from a step front. The sharpening behavior is aise visible in the transition from the front at position b te

position c {Figure 3. Eeft figure}. Reminding that the anaivtical seiution for the TW phase represents a iimit—

ing front, these differences emphasize that seit—sharpening takes time {which is not sufficientiy avaiiabie

during the cycies}. As the number of cosine—cycies grows, the numerical fronts therefore continue to fiatten

and cover an increasingly larger x-range. lnterestingiy, the front shapes ofthe ”intermediate positions" ib,

d} are rapidiy becoming identical for the moving upward and for the moving downward phase of the

cesine—shaped veiocity cycie {Figure 4}.

As the deviation ofthe starting front teg., our initiai step front, or, after some cycies, a RW front} frem the

iimiting TW becomes Earger, the time to attain the iiniiting front cioseiy enough aise becomes larger. Qur

resuits indicate that the convergence rate is toe slow to attain the iimiting TW. hence, in each foiievving RW

phase, we ohserve rapid further spreading due to noniinearity and hydrodynamic dispersion, and with each

next cycie, the iimiting TW is approached iess weii. The spreading behavior ofthe convective osciiiating

frents is maintained at different amplitudes „i}; ofthe cosine—veiocitv cycies, different vaiues for :;C, and differ—

ent vaiues for KG {supporting information Figure 52}. Therefore, ali evidence points to a systematicai discrep—

ancy between RW spreading and TW sharpening, where the everaii effect is that of continued spreadingi

3.3. Noniinear Diffusion

For constant unidirectionai velocity, the analyticai {TW and RW} soiutions provided a very good approxima—

tion. For both cases, convection is essentiai. This impiies that nonlinear diffusion, ie., in our case pureiy dii-

fusive zero-convection transport and exchange that is noniinear with respect te seiute concentrations, is

essentially diiferent from the convective dispersive transport invoiving interface osciiiations. ‚its with an
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Figure 3. Soiu“ fronts during the first cosine. veiocit'y cvcie. (left) Solute fronts ibivaient ions} at positions a, b, c anti d if starting at t—Ü in

dovrnward direction. (right) Same but starting in upward direction.

 

increasing number of cosine—cvcies, the fronts deviate from both TW and RW soiutions and behavior, it is

conceivabie that on the longer term (manv cvciesi. the overaii spreading of the front is comparabie to that

of a pure {noniinear} diffusion equation, e.g., as anaivzed bv Van Ûuijn grid Peietier [iïtîr’î]. For this reason,

we compared a pure noniinear diffusion front with adjusted diffusion coefficient, with a Tong-term front

with osciiiating fiovv in Figure 5. The diffusion front with zero convection, correspends vveii with the posi—

tions b and d ofthe oscillating convective—dispersive case. To test the agreement vvith noniinear diffusion,

with adjusted vaiue of D, we used spatiai moments rather than a coarse visuai inspection of front shapes

iiìesrna one’ van d’er Zee, i993i. The spatiai moments mean irri, variance irt2i, sicewness {y,}, and kurtosis {332}

were calcuiated for each of the four positions ofthe oscillating case and for the diffusive case according to

janssen er af. r2eoei For convenience, we did so for the concentration fraction {fi instead ef mass as the

water content is i<ept constant during our anaivsis. From the nonreactive case, we approximate the effective

diffusion coefficient De bv: Ei„ 2: er < ‘ ;>. The mean position of the diffusion front isoiici Tine} agrees weit

with the mean position ofthe intermediate fronts ib and d) icircies, diamonds} of oscillating fiow {Figure 5}.

ivioreover, kurtosis and skevvness of the intermediate fronts ib and di aiso converge to the vaiues of the

pure diffusive front after appreximateiv 2e cosine cvcies. The variance of the diffusion front shape siightiv

deviates from the intermediate positions ib and d}, but refiects the "‘upper” position {ci very vveii. After

manv cosine cvcies. the reiative deviations between osciliating convective dispersive mixing and noniinear

diffusion are smaii. Based on our anaivsis, it thus appears that mixing as a resuit of oscillating fiovv

approaches a noniinear diffusion {zero convectioni eguation, with an effective diffusion coefficient D, based

on the product of the absoiute average movement ofthe interface « , > and the dispersivitv s Às men-

tioned, the diffusive spreading behavior is maintained at different parameter vaiues.

  

3.4. Effect of A Salinity Front

So far, we assumed a constant total concentration fifi throughout the domain. To test the effect of a saiinitv

frent, where this is not the case, we reduced the totai concentration C above the step front with a factor it')

from 2.0e2 >< TS 2 to 2.0o2 >< ’it) 3 rnoiC dm 3 and concentrations of the bivalent and monovaient cations

are scaied accordingiv.

The basic concentration fronts for totai concentration er Ci, Ca, and Na, are shown in Figure diiefti. The Na

and Ca concentration fronts are normalized by the maximum concentration in the system. The totai
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Figure 4‚ Soiute fronts for velocity cycle T : iû and T : QÜ. Left: divaient cations

5

’Ga), right monovaient cations (Na). Fronts for divaierrt f

and monovalent i_fcations are compiement (mirror image); due to eoustio: and constant totai concentration. 

concentration or Ci fronts are normalized using c/c…in‚ for easy comparison with the shape ofthe i\ìa con-

centration fronts. Àiso shown are Ca and Na expressed as concentration fractions f and i—f. Compared to

the previousiy shown Ca fronts, the current normalized Ca fronts are oniy slightiy influenced iay the saiinity

front, hut show less spreading. Expressed as dimensioniess fraction f, these differences iaecome more appa—

rent (Figure ?_ii Tite fronts in case of a saiinity front are sharper and move siightiy faster in the direction of
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of front shapes at cycie T* 80 iiinesì for osciilating iiovr with front shape at T*80 caicuiated with difr ion only (diamonds) anci (right) spatie

latino convective—dìspersive and pure diffusion {zero convection: iines) fronts for divaient cations. Symbols; values for positions of inset Figure 2: a (diamonds), b (cìr

d (trianglesi.

moments for oscil—

es), c (sauares), and
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ith dotted fine n case of a change in

osition and shape ofthe soiute fro ‘,

expressed as concentration fractio ‚s :' .Ca) idashed line} and i—f (Na} isoiio' Eine).

fower total concentration. The

sharpness of the front is in accord-

ance with the higher affrnity of the

cation exchange complex (hence,

stronger noniinearityi for Ca at

fower totai concentrations The

faster movement of the front is

perhaps a bit counterintuitive at

first giance, in view of the higher

affinity. However, exactiy because

of this higher affinity for Ca, the

initial amount of adsorbed Ca for

smalier z—vafues is iarger in case

the totai concentration there is

smalier: NZÜ.S instead of (123.

This impiies, on the hasis of a sim-

pie mass baiance consideration,

that the front moves faster if the

upper totai concentration is

decreased

The totai concentration {expressed

hy chioridei front ipartiv shown in

Figure s) agrees with ciassicai isymmetric} Fickian spreading. The distance over which this front

extends is iarger than for the calcium front and eouai to that of sodium. For sodium, though, a con—

centration peaic occurs that is target than the initiai concentration on either side of the initiai shoci<

front. Such peai<s are due to the combination of change in total concentration and noniinear

exchange between caicium and sodium. The peai< concentration for sodium coincides with the maxi—

mum position ofthe caicium front. As can he seen from Figure @, the concentration from this posi—

tion to smaiier numbers is controlied compieteiv by the Fickian spreading of the totai concentration

front. The sodium concentration from position iii) to higher numbers is controiled by both spread—

ing of the total concentration front and {noniinear} exchange depending on the shape of the

f(Qa}
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Figure ?. Comparison of front shapes for f ‘ '

  

'thick “nes) and without r_thin iines? a

change in totai concentration { isaiinit;i fronti. Data shown for veiocity cycie T'ff-O.

exchange isotherm and the

direction of fiovv.

4. Conciusions

We conciude that from the non-

reactive case, an approximation

for the effective dispersion coeffi—

cient can he derived, that hoids

aiso for irreguiar fiuctuations, in

magnitude and direction, of the

fiovv veiocity.

in case of noniinear exchange in

combination with alternating fiovr,

the solute front continues to

spread, which indicates that the

approach to a travefing wave dur-

ing part of the dispiacement is

insufficient to reach the iimiting

front. Accordingiy, the continu-

ously spreading front seems to

approach a noniinear diffusion
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front, with adjusted dispersion coefficient and zero convection, and which is mathematicaiiy of quite differ—

ent nature. Àffowing for a totaf concentration change, spreading is somewhat affected in magnitude.
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